In this paper the transient bioheat transfer problem given by the one-dimensional Pennes equation with mixed boundary conditions is considered. The model assumes the heat transfer between the skin and its surroundings in the case of a natural and forced convection. For computations the interval finite difference method of Crank--Nicolson type together with the floating-point interval arithmetic is used. In this way, uncertain geometric and thermophysical parameters can be represented in the form of intervals as well as the resultant temperature distribution over time.
INTRODUCTION
The concept of interval arithmetic and interval methods was first introduced by Sunaga (Sunaga 1958 ) and Moore (Moore 1966) . It provides a useful tool for results verification. Interval solutions obtained by interval methods include the exact solution of the problem considered. Moreover, computer implementation of the interval methods in the floating-point interval arithmetic (Moore 1966; Marciniak 2009 ), together with the representation of the initial data in the form of machine intervals, allows us achieve interval solutions that contain all possible numerical errors. An interval and fuzzy set approach to initial-boundary value problems with uncertain parameters is also under development. If we focus on the Polish research contribution we can point out the following selected solutions: Burczyñski, Skrzypczyk Zieniuk, Ku¿elewski (Ku¿elewski 2008; Zieniuk 2000) , Piasecka-Belkhayat (Piasecka-Belkhayat 2011), Marciniak, Jankowska, Szyszka (Jankowska , 2013 Jankowska and Marciniak; Jankowska et al. 2012; Marciniak 2012; Szyszka 2012) .
A variety of different boundary-value problems of the bioheat transfer in soft tissues, with particular reference to skin, are studied and solved with the boundary element method in e.g. (Majchrzak et al. 2008; Majchrzak and Jasiñski 2003; Majchrzak et al. 2005) . In the paper the interval finite difference method of Crank-Nicolson type for solving the heat conduction problem given by the heat conduction equation with heat sources linearly depending on the unknown function is used (Jankowska and Sypniewska-Kamiñska 2013) . It is applied for solving the bioheat transfer problem with the Pennes equation Pennes 1948; Xu et al. 2008) and mixed boundary conditions. We assume the heat conduction in the skin which consists of three layers, i.e. epidermis, dermis and subcutaneous tissue. The heat transfer between the skin and its surroundings is due to a natural and forced convection. Since computations are performed in the floating-point interval arithmetic, then some parameters such as a thickness of skin and thermophysical properties of skin and blood, can be represented in the form of intervals. Such intervals let us take into consideration the measurement uncertainties that can arise during the physical experiments and also a variety of values that can be taken by parameters as the effect of some environmental factors, i.e. age, state of health, lifestyle etc. The interval solutions obtained include all values that can be taken by parameters occurring in the problem formulation, as well as the error of the conventional method and the errors caused by the floating-point arithmetic used by computers, i.e. rounding errors and representation errors.
INTERVAL FINITE DIFFERENCE METHOD OF CRANK-NICOLSON TYPE
The interval method of Crank-Nicolson type for solving the one-dimensional heat conduction equation with the boundary conditions of the first kind were proposed by Marciniak in (Marciniak 2012) . Jankowska extended his work taking into account the same equation with the mixed boundary conditions . The interval method proposed enables to include in the interval solutions obtained the local truncation error of the conventional method which is normally neglected. For the interval method we can show that the exact solution of the problem belongs to the interval solutions obtained. Note that in practice it is not easy to satisfy all the assumptions made in the theoretical formulation of the method given in (Jankowska 2012). Nevertheless, the appropriate techniques for the approximation of end-points of the error term intervals in each step of the method are described in (Jankowska 2013) . Numerical tests performed by the author confirmed their effectiveness and usefulness. Nevertheless, we cannot formally guarantee that the exact solution belongs to the appropriate interval solutions obtained with the error term approximation considered. The interval finite difference method presented in (Jankowska and Sypniewska-Kamiñska 2013) is based on the interval method of Crank-Nicolson type (ICN method) proposed in (Jankowska , 2013 . It concerns the heat conduction equation with the heat sources, given by a function that is linear with respect to the unknown temperature (ICN-LHS method) and the initial-boundary conditions of the form
where α, α 1 , α 2 , A, B are constants and their values depend on the physical nature of the problem.
Let us set the maximum time t max and choose integers n and m. We find the mesh constants h and k such as h = L/n and k = t max /m. Hence, the grid points are (x i , t j ), where x i = ih for i = 0, 1, …, n and t j = jk for j = 0, 1, …, m.
For the interval method values of all coefficients α, α 1 , α 2 , A, B, L, t max should be given in the form of appropriate intervals. Then, for the functions f, ϕ 1 , ϕ 2 , their interval extensions F, Φ 1 , Φ 2 are created. With the interval function F we have
where ( )
The ICN-LHS method (Jankowska and Sypniewska-Kamiñska 2013) can be given in the following matrix form
where
, D (1) are matrixes of coefficients and E C ( j) are vectors of coefficients. Furthermore, E L ( j) are vectors such that a local truncation error of the conventional finite-difference method at each mesh point is enclosed in. If we cannot satisfy all the assumptions required for such a local truncation error inclusion, then we use the appropriate method of approximation of the error term intervals (as described in (Jankowska and Sypniewska-Kamiñska 2013) ). Despite such approach is not enough to guarantee the inclusion of the local truncation error in the resultant interval solutions, the numerical experiments confirm that the exact solution do belong to the interval solutions obtained.
BIOHEAT TRANSFER PROBLEM GIVEN BY THE PENNES EQUATION
Consider a three-layer model of skin that consists of epidermis, dermis and subcutaneous tissue of thickness L 1 , L 2 and L 3 , respectively (see Fig. 1 ). Hence, we have L = L 1 +L 2 +L 3 . Fig. 1 . Three-layer model of skin: epidermis, dermis and subcutaneous tissue with the initial and boundary conditions of the bioheat transfer problem (6)(8)
The physical properties which are used to describe each layer depend on many different environmental factors, e.g. age, state of health, lifestyle etc. Hence, we usually know only a range of values rather than an exact value that a given parameter can be equal to. The physical pro-perties of skin layers and blood are collected on the basis of available reference materials in Table 1 and Table 2 , respectively.
We introduce effective values of the thermophysical parameters of the skin in the following way:
3 ] is the effective mass density. We assume that an initial temperature of the skin layers is equal to w 0 . A surrounding air temperature is equal to w S and it is maintained constant over time. On the internal surface that separates the subcutaneous tissue from the body we assume insulation. There is also a heat generation in the skin layers considered. It is due to some metabolic and perfusion heat sources. Table 1 Values of parameters for three-layer model of skin 
heat generation in the skin and the perfusion heat generation, respectively, 
The initial-boundary problem (6)-(8) can be transformed to the non-dimensional form 
NUMERICAL EXPERIMENTS
For the numerical computations we use the mean values of the parameters occurring in the problem formulation (see Tab- The initial-boundary value problem given in the non-dimensional form (11)- (13) with (14) is solved with different uncertainties of selected initial parameters. Subsequently, we use the interval method of Crank-Nicolson type (ICN-LHS method) with parameters represented by interval values and its conventional counterpart (CN-LHS method) with parameters equal to midpoints of such intervals. Interval values of selected parameters given in the dimensional and nondimensional form are used with 10-bytes double extendedprecision format accuracy . The temperature distribution in the form of interval solutions and approximate solutions corresponding to the time τ = 1.5 (t ≅ 665.2 s) is presented in the non-dimensional and dimensional coordinates. Subsequently, we denote the interval values of temperature with capital letters and the approximate values of temperature with small letters. Finally, we denote by d widths of interval values of parameters and temperature.
Case 1: natural convection
We assume hypothetically that values of all input parameters are known exactly. Hence, we only have to deal with the representation errors, rounding errors and the error of the conventional method. Comparison of the widths of the interval solutions obtained for different values of stepsizes h and k, lets us examine the efficiency of the ICN-LHS method (see Figs 4-7). We have the following interval values of the thickness of skin, the effective parameters and the non-dimensional parameters: Now let us assume uncertainty about the metabolic heat generation of dermis and subcutaneous tissue such that it includes the state when the organism is in rest with met Q = 245 W/m 3 and in motion with met Q = 245·10 2 W/m 3 as well . We have
and
Note that the thickness L of skin and values of the effective parameters λ ef , c ef , ρ ef , κ ef are the same as in the previous experiment.
Case 2: forced convection
Consider the uncertainty about the thickness of dermis such that
Interval values of the thickness of skin, the effective parameters and the non-dimensional parameters are of the form:
Now, we introduce the uncertainty about the thermal conductivity, specific heat and mass density of dermis such that
Interval values of the thickness of skin, the effective parameters and the non-dimensional parameters are given as follows
CONCLUSIONS
The main advantage of the interval method proposed is the ability to represent the uncertain values of parameters in form of intervals. Interval solutions obtained includes all values that can be taken by the physical parameters occurring in the problem formulation, as well as the error of the conventional method and the errors caused by the floating-point arithmetic used by computers (i.e. rounding errors, representation errors). In other words, for a range of values that parameters can be equal to, we are given a range of resultant values of temperature. Furthermore, we apply the interval method only once. Because of the general form of the initial-boundary value problem that a given interval method was constructed for, we have to introduce some effective parameters in the model. In this way, we can treat epidermis, dermis and subcutaneous tissue as one layer with averaged values of parameters. The next step could be derivation of the interval scheme dedicated to the multilayer one-dimensional model with the appropriate boundary conditions on inner surface at each interface. Then, the interval solutions could be examined and compared. 
INTERVAL FINITE DIFFERENCE METHOD OF CRANK-NICOLSON TYPE
The interval method of Crank-Nicolson type for solving the one-dimensional heat conduction equation with the boundary conditions of the first kind were proposed by Marciniak in (Marciniak 2012). Jankowska extended his work taking into account the same equation with the mixed boundary conditions . The interval method proposed enables to include in the interval solutions obtained the local truncation error of the conventional method which is normally neglected. For the interval method (Jankowska 2012) we can show that the exact solution of the problem belongs to the interval solutions obtained. Note that in practice it is not easy to satisfy all the assumptions made in the theoretical formulation of the method given in (Jankowska 2012). Nevertheless, the appropriate techniques for the approximation of end-points of the error term intervals in each step of the method are described in (Jankowska 2013) . Numerical tests performed by the author confirmed their effectiveness and usefulness. Nevertheless, we cannot formally guarantee that the exact solution belongs to the appropriate interval solutions obtained with the error term approximation considered. The interval finite difference method presented in (Jankowska and Sypniewska-Kamiñska 2013) is based on the interval method of Crank-Nicolson type (ICN method) proposed in (Jankowska , 2013 . It concerns the heat conduction equation with the heat sources, given by a function that is linear with respect to the unknown temperature (ICN-LHS method) and the initial-boundary conditions of the form
Moreover, X i , i = 0, 1, ..., n, T j , j = 0, 1, ..., n, are intervals such that x i ∈ X i , t j ∈ T j and F = F(X), Φ 1 = Φ 1 (T), Φ 2 = Φ 3 (T).
The ICN-LHS method (Jankowska and Sypniewska-Kamiñska 2013) can be given in the following matrix form (1) ( 1) (1) (0) (0) ( 1) ( 1) ( 1) (
BIOHEAT TRANSFER PROBLEM GIVEN BY THE PENNES EQUATION
3 ] is the effective mass density. We assume that an initial temperature of the skin layers is equal to w 0 . A surrounding air temperature is equal to w S and it is maintained constant over time. On the internal surface that separates the subcutaneous tissue from the body we assume insulation. There is also a heat generation in the skin layers considered. It is due to some metabolic and perfusion heat sources. Table 1 Values of parameters for three-layer model of skin Assumption; see also (Xu et al. 2008) Dermis (neck) 1.28E-3 -1.56E-3 1.42E-3 Xu et al. 2008) Dermis (forehead) 1.60E-3 -1.98E-3 1.79E-3 Xu et al. 2008 )
Subcutaneous tissue 4.0E-3 -4.8E-3 4.4E-3 Assumption; see also (Xu et al. 2008 Under the above assumptions, the distribution of temperature is given by a function w = w(x, t) which depends on only one spatial variable x. It is described by the one-dimensional Pennes bioheat transfer equation and the initial and boundary conditions of the form
] is the rate of heat source generation in the skin layers specified per unit volume and α [W/(m 2 ·K)] is the convection heat transfer coefficient. We assume that The initial-boundary problem (6)-(8) can be transformed to the non-dimensional form For the forced convection caused by the wind we can use the empirical equation proposed in 
NUMERICAL EXPERIMENTS
Case 1: natural convection
We assume hypothetically that values of all input parameters are known exactly. Hence, we only have to deal with the representation errors, rounding errors and the error of the conventional method. Comparison of the widths of the interval solutions obtained for different values of stepsizes h and k, lets us examine the efficiency of the ICN-LHS method (see Figs 4-7) . We have the following interval values of the thickness of skin, the effective parameters and the non-dimensional parameters: Now let us assume uncertainty about the metabolic heat generation of dermis and subcutaneous tissue such that it includes the state when the organism is in rest with met Q = 245 W/m 3 and in motion with met Q = 245·10 2 W/m 3 as well 
Case 2: forced convection
Consider the uncertainty about the thickness of dermis such that L 2 ∈ [L 2 -0.01L 2 , L 2 + 0.01L 2 ].
Interval values of the thickness of skin, the effective parameters and the non-dimensional parameters are of the form: 
CONCLUSIONS
The main advantage of the interval method proposed is the ability to represent the uncertain values of parameters in form of intervals. Interval solutions obtained includes all values that can be taken by the physical parameters occurring in the problem formulation, as well as the error of the conventional method and the errors caused by the floating-point arithmetic used by computers (i.e. rounding errors, representation errors). In other words, for a range of values that parameters can be equal to, we are given a range of resultant values of temperature. Furthermore, we apply the interval method only once. Because of the general form of the initial-boundary value problem that a given interval method was constructed for, we have to introduce some effective parameters in the model. In this way, we can treat epidermis, dermis and subcutaneous tissue as one layer with averaged values of parameters. The next step could be derivation of the interval scheme dedicated to the multilayer one-dimensional model with the appropriate boundary conditions on inner surface at each interface. Then, the interval solutions could be examined and compared.
